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Abstract

Clustering and dimensionality reduction are two useful methods for visualizing and interpreting a
dataset. This can be a challenging task for high dimensional data because accurate clustering requires
resolving which of the many features are important, and which are not. One approach for clustering
high dimensional data is graph spectral clustering, in which data clusters are derived from spectral
properties of a representative matrix of a similarity graph, which captures similarity between datapoints.
In this work, we illustrate the connections between graph spectral clustering and a discretized diffusion
process on the similarity graph. We then demonstrate an analogous clustering method using a continuous
diffusion process in the original data space and we additionally explore clustering by way of a related
physical process: wave propagation on the similarity graph. Finally, we show numerical results of the
algorithms we discuss applied to synthetic datasets.



Contents

(1_Introduction| 3
|2 Graph Spectral Clustering| 3
I Notation and Contextl . . . . . . . . . . o o 3
2.2 The Graph Laplacian|. . . . . . . . . . . 4
2.3 Basic Graph Spectral Clustering Algorithms|. . . . . . . . ... ... o oL 5
2.4 Interpreting Graph Spectral Clustering through Normalized Cuts| . . . . . . . . .. .. .. .. 6

[3 Anmnalytic Solutions to PDEs of Interest| 7
3.1 Solutions of a Simple Boundary Value Problem| . . . . . . .. ... .. ... ... ... . 8
13.2  Solutions to the Heat and Wave Equations|. . . . . . . ... ... ... ... ... ... .... 9
13.2.1 Heat BEquation| . . . . . . . . 9

8.2.2  Wave Equation| . . . . . . .. 10

[4  Graph Spectral Clustering as a Diffusion Process| 11
4.1 Discretization of a PDE intoa Graph| . . . . . ... .. ... .. ... .0 L. 11
4.2 Applying Continuous Solutions of PDEs to Data] . . . . . .. ... .. ... .. ... .... 12
4.3 Physical Interpretations ot Spectral Clustering | . . . . . . ... ... ... ... ... ..... 13
4.3.1  Clustering with the Continuous Heat Equation| . . . . . . ... .. ... ... ... .. 13

4.3.2  Clustering with the Discrete Wave Equation|. . . . . . . . .. ... ... ... ... .. 13

[ Experimental Results] 15
b.1  Clustering Using the Wave Equation| . . . . . . . . . ... .. ... ... ... .. ....... 15
[6_Conclusion 15
A ppend 19
[c.1__Additional Proofsl. . . . . . . . . e 19
[7.2  Wave Equation Clustering| . . . . . . . . .. . . . e 20

This project was conducted during the virtual Summer@ICERM 2020 program organized by the Institute for
Computational and FExperimental Research in Mathematics. We thank our project advisors, Akil Narayan
and Minah Oh, our graduate student advisors, Liu Yang and Alex Mihai, and the organizing faculty at
ICERM for hosting a wonderful program despite many unique challenges this year.



1 Introduction

High dimensional datasets, having a relatively large number of features per data instance, are subjects of
analysis in many valuable areas including (for example) computational biology, medical imaging, and health
informatics. These datasets are often controlled by relatively few intrinsic factors of variation. For example,
images of human faces are highly compressible and can be described concisely by factors like ‘hair color,’
‘eye shape,” or ‘skin tone.” In other datasets, identifying special features of variation may be less valuable
than partitioning the dataset into groups of points which share meaningful characteristics. These groups,
or ‘clusters,” can be analyzed after the fact by their average or most-common features. In either case, the
unnecessary degrees of freedom provided by high dimensionality incur noise, representation ambiguity, and
added computational cost, making it crucial to find efficient techniques for clustering and dimensionality
reduction which can extract only the important information from a high dimensional dataset.

We study graph spectral clustering, a clustering procedure which is geometrically motivated for high
dimensional data having few features of variation. Graph spectral clustering is closely related to dimension
reduction through Laplacian eigenmaps [I], and our exposition applies to both. Our ultimate goal is to
demonstrate the connections of these algorithms to diffusion processes on a special discrete domain induced
by a dataset.

In Section [2] we introduce graph spectral clustering and discuss its classical interpretations. In Sec-
tion [3] we provide important context about differential equations, which we leverage in Section [4] to ex-
plain the connections between graph spectral clustering and diffusion processes. We show experimen-
tal results and future investigations in Sections Additional proofs and supplemental materials may
be found in the appendix. Additional results and code to reproduce our experiments can be found at
https://ghost-clusters.github.io/icerm-spectral-clustering/.

2 Graph Spectral Clustering

To cluster a dataset, graph spectral clustering begins by reducing the data to a similarity graph. Nodes of the
graph represent datapoints and edges have nonnegative scalar weights which represent pairwise similarities
between data points. While the similarity function is domain dependent, construction of the similarity graph
essentially eliminates the dimensionality of the original data. From the similarity graph, we derive an associ-
ated matrix called the graph Laplacian, whose eigenvectors provide a lower dimensional data representation
which can be more effectively clustered than the original dataset. In this sense, it is the graph Laplacian
whose spectral properties control the graph spectral clustering algorithm. We will define in this section the
similarity graph, the graph Laplacian, and the basic graph spectral clustering procedure.

2.1 Notation and Context

Consider a set of data points * = {x1,29,...z,} where each z; € R¢ is a d-dimensional feature vector
with features (xgl), xl(?), - xgd)). For certain data, the inner product or covariance (x;,x;) between pairs of
points is a meaningful indicator of their semantic similarityﬂ Graph spectral clustering generalizes pairwise
similarity through a domain dependent similarity s(x;,x;) satisfying s(x;,z;) > 0 for all 4,5 < n. For
example, in Figure 4 we use the Gaussian similarity function s(z;, z;) = exp (—||z; — z;(|*/(20?)), where o
is a scaling parameter.

From the similarity function, we construct a weighted, undirected similarity graph G = (V, E) in which
each vertex v; € V represents a data point x;. In this work, we focus on the fully connected similarity graph
whose adjacency matrix W € R"*" given by w;; = s(x;, ;). Some common alternative methods to compute
W are shown in Fig.

I Note the relationship between the Euclidean distance and Euclidean inner product: 2(z;,z;) = ||z;||3 + ||z; |13 — ||lz: — z;]3.
Correlation is meaningful in cases when the Euclidean distance between datapoints is meaningful, and vice versa.


https://ghost-clusters.github.io/icerm-spectral-clustering/

Similarity Graphs Edge Weights

{1 s(xi, ;) <€
wij =

e-neighborhood graph 0
else

s(x;, ;) x; € k-NN(z;) or z; € k-NN(z;)

k-nearest neighbors graph Wij =
0 else

is &g i € k-NN(z;) and z; € k-NN(z;
Mutual k-nearest neighbors graph | w;; = {S(x %) @ (2;) and (:)

0 else

Figure 1: Common examples of data similarity graphs and the associated similarity functions. Here, k=NN(z;)
is the set of top-k most similar datapoints to x;.

We define the degree of a vertex to be sum of weights of its edges:

n
j=1

The degrees of all nodes in G are represented by the degree matriz D € R™*™ given by D = diag({di, da,...,d,}).
Finally, for two sets of vertices A, B C V, we define the weight between these vertex sets as follows:

i€A,jeEB

For a vertex set A C V,let A=V \ A be the complement of A. We will use two different methods to
measure the size of A. The first will measure the size of a subset strictly by the number of vertices and the
second will consider the weights of the edges contained in A:

|A| :== the number of vertices in A
vol(A) = Zdi'
i€A

2.2 The Graph Laplacian

We are now equipped to introduce the the graph Laplacian matrix, the primary instrument in spectral
clustering. Once again, a more detailed exploration into graph Laplacians can be found in [2], but we will
state and discuss relevant properties and their implications.

We use two different definitions of the graph Laplacian:

Unnormalized Graph Laplacian L=D-W
Normalized Random Walk Graph Laplacian L,=1-D"'Ww
Note that D~'W has rows summing to 1 making it a transition matrix for the similarity graph. A summary

of the relevant properties of L and L, is given by Proposition 2.1l The proof of Proposition [2.1| can be
found in Propositions 1 and 3 in [2].

Proposition 2.1. Properties of L and L., The matrices L and L., satisfy the following properties:

1. For every f € R™, we have

f'Lf= % > wi(fi = 1)

ij=1

2. L is symmetric.



3. L and L., are positive semi-definite and have n mon-negative, real-valued eigenvalues \; where 0 =
A1 S A < S A

4. 0 is an eigenvalue of L and L., and corresponds to the eigenvector 1, the constant one vector.

5. Ly, has eigenvalue A if and only if A and the vector u solve the generalized eigenproblem Lu = ADu.

2.3 Basic Graph Spectral Clustering Algorithms

We are now equipped to introduce the graph spectral clustering algorithm. The two graph Laplacians yield
two variants, unnormalized and normalized graph spectral clustering. We outline the pseudocode for these
procedures in Algorithms|[I|and[2] respectively. As in Section[2.1] we assume a dataset X = {z1,22,...,2,} C
R¢ and a similarity function s(z;, ;) > 0 to compare datapoints.

Algorithm 1: Unnormalized Spectral Clustering

Given: Dataset X = {z1,22,...,7,} C R% Similarity function s(x;, x;) > 0. A desired number of
clusters k.
Result: Clusters Ay, -, Ag

1. Construct a fully connected adjacency matrix for the similarity graph: W;; = s(z;, ;). Construct a
degree matrix D = diag({d; ...d,}).

2. Compute the unnormalized graph Laplacian L = D — W.

3. Compute the first k eigenvectors of L ordered by ascending eigenvalues. Construct a matrix
H € R™** whose columns are given by the first k eigenvectors.

4. Run k-means with input parameter k on the rows of H. Assign datapoint z; the cluster value which
k-means has assigned to the ith row of H.

Clustering with the unnormalized graph Laplacian often leads to uninformative clusters containing very
few nodes. The alternative Algorithm 2] which uses the random walk Laplacian, avoids this problem through
normalization of cluster sizes. The normalizing effects of the random walk Laplacian will be explained in
more detail in Section 2.4l

Algorithm 2: Normalized Spectral Clustering [3]

Given: Dataset X = {z1,22,...,2,} C R% Similarity function s(z;, ;) > 0. A desired number of
clusters k.
Result: Clusters Ay, -, Ag

1. Construct a fully connected adjacency matrix for the similarity graph: W;; = s(z;, ;). Construct a
degree matrix D = diag({dy ...dn}).

2. Compute the unnormalized graph Laplacian L, = I — D™'W.

3. Compute the first k eigenvectors of L., ordered by ascending eigenvalues. Construct a matrix
H € R™* whose columns are given by the first k eigenvectors.

4. Run k-means with input parameter k on the rows of H. Assign datapoint z; the cluster value which
k-means has assigned to the i¢th row of H.
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Figure 2: A set A; of vertices ‘cuts’ the edges between A; and A;, shown here in red. The value of the cut
is the sum of the weights of the red edges.

Both of these algorithms cluster data using a dimensionality reducing embedding derived from the least
significant eigenvectors of the corresponding graph Laplacian, which is an uncommon strategy when consid-
ering other techniques like principal component analysis. As we will discuss in the next section, the least
significant eigenvectors capture intrinsic factors that minimize an associated graph cut problem, while larger
eigenvalues correspond to eigenvectors that are discounted as noise terms.

2.4 Interpreting Graph Spectral Clustering through Normalized Cuts

Graph spectral clustering can be thought of as an approximation of a graph cut problem in which the goal
is to group data points with high similarity by removing the connections between data points with low
similarity. In other words, we seek to partition the graph so that the total weight of all edges between
different clusters is minimized.

Following [2], we define terminology used in this section. First, we define a graph cut. Consider a disjoint
partition of the set of vertices V = Ule A;. For any partition Ay,..., Ax, we measure the edges eliminated
in the cut with

1< _
cut(Ay, ..., Ag) = §ZW(Ai,Ai). (2.1)

i=1
The % normalizing term results from double counting edges in the undirected graph. In the MinCut problem,
we seek to find a partition that minimizes cut(A4y,..., Ax). In practice, MinCut fails to produce desirable
clusters, often isolating singletons from the graph rather than producing clusters with comparable sizes. The
normalized cut problem, or NCut, addresses this issue with a new cut based objective which is normalized
by the number of nodes in each cluster of a given partition. It is defined as

NCut(Ay,..., Ay = 3 e A

NCut rewards cluster assignments that have a high degree of inter-point similarity within each cluster while
points between clusters are dissimilar.

In the rest of this section, we work to show a correspondence between normalized spectral clustering and
the NCut problem. We construct indicators hy) to denote if a vertex ¢ belongs to cluster ;7 where

1 .

W0 _ | ey €A

J .
0 S Aj

(2.2)



, T
Now, let h; = hy) hg.")} and let H = [hy hy -+ hi] where each column of H corresponds to a

different cluster j for j =1,... k.
These indicators allow us to write the normalized cut cost for an individual cluster in terms of the graph
Laplacian. We derive this relationship in detail in Proposition of the Appendix.

1 i k
WiLhj =5 3 wi(hf? — b))

o Cut(Aj, A7])
ke )

vol(A;

)
NCut(As,..., A ZC“ 5 = (L),

vol(A
=1

Moreover, since vol(A;) = 3_;c 4. di, the matrix H satisfies the following constraint in terms of D.

" 1 i=j
hIDh; = " 1reaylirea,

d(k) _ {
st PVol(Ay) vol(4y) |0 i#g
The solution to the NCut problem is therefore given by the following constrained optimization problem:
m}}n tr(HTLH)
such that H" DH = Ij,.

Due to the combinatorial defintion of H, this problem is computationally intractable for large graphs. How-
ever, relaxing the problem by allowing entries of H to be continuous yields a simple generalized eigenvector
problem. Let K be an unconstrained matrix which will take the place of Dz H. The minimization problem
becomes

m}%ntr(KTD’%LD’%K)

such that KTK = I,

where we have assumed that the degree {d(i)}%

* , of each vertex is nonzero so that D is invertible. By
the Rayleigh-Ritz Theorem, the solution is given by a matrix K whose columns correspond to the k least
significant eigenvectors of D=2LD~=. The unconstrained matrix H’ that solves the relaxed version of the
original minimization problem is H' = D K. By Proposition the columns of H' are the k least
significant eigenvectors of L.

In the same way that normalized clustering using L,,, is a relaxation of NCut, unnormalized clustering
using L is a relaxation of the MinCut problem [2]. While network flow algorithms like Push-Relabel can
solve MinCut in polynomial time, NCut is NP-Complete [3]. Normalized spectral clustering strikes a balance
between computational feasibility and using normalization to improve MinCut and unnormalized spectral
clustering. However, it is important to note that this relaxation does not guarantee desirable clusters, a
problem which is exacerbated in certain graph structures as seen in [4].

3 Analytic Solutions to PDEs of Interest

After using a chosen similarity function to compute a similarity graph, all clustering information is derived
from the graph Laplacian. To understand the information carried in this matrix, we will begin by exploring
the continuous Laplacian operator, of which the graph Laplacian is a discrete approximation. The Laplacian
operator is a second order differential operator defined as the divergence of the gradient. In Cartesian
coordinates, it has the following form:

1) .2 02 0? H?
AfeD,2® )= v.vf= (8(:0(1))2 b o ) F



The Laplacian operator inherits physical interpretations from the wide variety of physical phenomena gov-
erned by partial differential equations (PDEs) involving the Laplacian. In this section, we will study the
analytic solutions of two examples, the heat and wave equations.

3.1 Solutions of a Simple Boundary Value Problem

Solutions to the heat and wave equations become physically meaningful when paired with boundary and
initial conditions. The combination of a particular partial differential equation with these parameters is
known as a boundary value problem. When the boundary values are zero, we have Dirichlet boundary
conditions. Here is a simple example of a Dirichlet boundary value problem:

Find X(z):[0,1] = R
such that X" (z) = =\ X(x)
subject to X(0) = X (1) =0, X(x) £ 0. (3.1)

Ignoring the boundary conditions, we can write two candidate solutions in terms of their parameter A:

eV X/ (z) = (—V=N)2X1(z) = —AXy
VA XY (z) = (V=) Xy(z) = —AX,

Xl(.ﬁ)
XQ(JZ)

€

In the special case when A = 0, there is an additional solution to consider:
Xs(z) =2 X3(z) =0

These candidate solutions are chosen to be linearly independent, such that when A\ # 0 we have AX; (z) +
BXs3(z) =0 only if A= B = 0. The same holds for AX;(z) + BXs(z) + CX3(z) = 0 when A = 0. Other
functions which are linearly dependent are themselves candidate solutions, as any linear combination of X4
and X5, as well as X3 if A = 0, is also a candidate solution. Depending on the sign of A, the candidate
solutions will then be either exponential, linear, or periodic. We will evaluate these cases to determine the
subset of solutions satisfying the boundary conditions:

1. A < 0: then v/—X € RT, and this implies X;(z) > 0 and X3(z) > 0 for all x € R. Furthermore,
AX;(x) and —BXs(z) intersect for at most one point unless A = B = 0, so the only solution meeting
the boundary conditions is uniformly zero.

2. A =0: then X;(z) = Xo(z) =1 and AX;(z) +CX3(x) = A+ Cx. To satisty the boundary conditions,
A = C = 0 is required. Again, solutions meeting the boundary conditions are uniformly zero or
nonexistent.

3. A > 0: in this case, solutions exist, but only for a countable set of A\. For convenience, let w = \f)\/ .
Supposing the conditions are met,

X (z) = Ae™™ 4 Be~ W
X(0)=0= A+B=0 = B=-A4
X(1)=0 = Ae™™ — Ae™™" =0

— VT =TT — T

The last equality holds because exp(iwm) and exp(—iwm) are complex conjugates and can only be equal
if they are real. To be real, the complex phase wm must be an integer multiple of .



Hence when A > 0, the solution X () either takes the form e n € Z or a linear combination of these
functions:

X(x): f: Aneinwm

n—=—oo

Interestingly, the solutions to this differential equation are Fourier basis functions, whose linear combi-
nations are dense in the vector space of square integrable functions. Not only are linear combinations of this
form solutions to the boundary value problem, but any solution is a (possibly infinite) linear combination
of these special solutions. Moreover, under the inner product (f,g) = [ f(z)g(x)dx these solutions are
orthonormal:

, _ L 1 =
<61m7r:r:7 eznﬂ'z> _ / ez(nfm):b dr = m=n
0 0 m#n

In this case, the second order infinite dimensional linear operator admits an orthonormal basis of eigenvectors
much like a finite dimensional linear operator. This behavior is shared by a wide variety of boundary value
problems for second order PDEs, and is characterized by the Sturm Liouville theory. We refer the interested
reader to [B] for more details of this theory.

3.2 Solutions to the Heat and Wave Equations
3.2.1 Heat Equation

The heat equation is a partial differential equation that describes how heat diffuses in a solid medium over
time. In the following, we use A u(x,t) to denote the partial Laplacian operator applied only to the x input
coordinates and f(x) to denote initial conditions:

Heat Equation  Find u(z,t): [0,1] x RT - R

such that %u(x,t) = cAzu(x,t)

subject to u(z,0) = f(z) and u(0,t) = u(1,t) =0

The constant ¢ is known as the heat conductivity and for simplicity we may assume ¢ = 1. We will solve
for u(x,t) analytically using the method of separation of variables. Assuming u(z,t) = X (z)T'(t), the heat
problem has the following form:

X(2)T'(t) = X" (2)T(t) (3.2)
X(0)T(t) = X(1)T(t) =0
X(@)T(0) = f(x)

We can rearrange (3.2)) to isolate the time and space dependent functions. Because they vary independently,
both sides of the following equality must be a constant. We will call it —\ € R to match the convention in

Equation (3.1)):

T'(t
m = X0 = —Xfor some A € R

~—
"1

—~
8

~—

We have essentially reduced this PDE into solving two simpler ODEs:

T'(t) = =A\T(t)
X"(z) = =AX ().



Looking at the boundary condition X (0)T(¢t) = 0, we can conclude that either X (0) = 0 or T'(¢) = 0.
We discard the case T'(t) = 0 because this implies that u(z,t) = 0 for all x and ¢, the trivial case, so we look
at when X (0) =0 and X (1) = 0. Like the basic boundary value problem, a candidate solution X (x) is the

ikmx

complex exponential e and we can build the Fourier expansion of f(x) using these functions:

Z A, X(n) Z A, einma
n=—o00 n=—o00

Each of the A, is a Fourier coefficient and is therefore given by

1
An:/ f(z)e™ ™ d.
0

From our analysis in 7 settmg )\ = n?7? for any n € Z yields nonzero solutions in X (z). Hence the

nonzero solutions take the form "’ teinTe

Z X T(n) Z A,e” 272t zn7rx (35)

n=-—oo n=-—oo

or a (possibly infinite) linear combination of these functions:

We prove the uniqueness of this solution when the boundary and initial conditions are met in Section
of the Appendix. Intuitively, this equation indicates that heat diffusion acts by decaying each frequency
component of the initial conditions. Higher frequencies, for which nr is large, decay exponentially faster
than lower frequencies. These high frequencies induce regions of heat which are significantly hotter or colder
than their surroundings and so they diffuse away quickly.

3.2.2 'Wave Equation

The one-dimensional wave equation is a boundary value problem which has the following setup:

Wave Equation Find u(z,t) : [0,1] x RT = R
2
such that %u(m,t) = cAzu(z,t)
subject to u(z,0) = f(z), u(0,t) =u(l,t) =0

The wave equation also has a parameter ¢, known as the wave propagation speed. We will assume in this
case that ¢ = 1 as well. Finding the solution to the wave equation follows a similar procedure as the heat
equation. First, we assume u(z,t) = X (x)T'(t) is separable into spatial and time dependent components,
and then we apply the wave equation:
82
—X(@)T(t) = Asu(z,t) = X(2)T"(t) = X"(z)T(t)
X(z) _ T@®)
X"(z)  T"(t)

_ {T”(t) = —\T(t)

=)

X"(x) = -2X(x)

In this case, both X (z) and T'(t) match the form of (3.1)) with boundary data given for X (z) by the initial
conditions f(z) and for T'(¢) by Dirichlet conditions. Hence the spatial component is given by the following
linear combination of solutions.

i X(") Z A, "™ where A, / f(z)e™™ dx

n=—oo n=—oo

10



Given X (z), the time dependent solution wu(z,t) takes the form:

u(z,t) = Z X0 (z)T™ (t) = Z A, it ginma

n=—oo n=—oo

In contrast to the heat equation, frequency components of u(x,t) do not decay in time. Instead, they
oscillate in time and remain eternally excited. In Section we harness this property to find eigenvectors
of the discrete Laplacian.

4 Graph Spectral Clustering as a Diffusion Process

Recall the procedure for spectral clustering: first, construct a Laplacian matrix from the similarity graph of
a dataset. Then, run k-means on rows of the least significant eigenvectors to determine cluster membership
for each point. We may view the similarity graph as a metric on the discrete domain of graph vertices V.
Real functions on the graph are maps f : V — R and on the space of such functions the negative graph
Laplacian —L acts takes the place of the Laplacian operator for functions over a continuous domain. It is
from this view that we will deduce the physical interpretation of graph spectral clustering.

4.1 Discretization of a PDE into a Graph

To simulate the heat equation on a graph, we can treat the graph as a discretization of space where the
distance between two points is given by their edge weight in the similarity graph. In the case of a simple line
graph, for which the similarity function between nodes is binary, the identification of the graph laplacian
with a Laplacian operator is motivated by the second difference approximation of the second derivative:

10y — 1 L) =20 (0) + S =)

e—0 62

Suppose we are given data {z;}?,. Denote by f(x;) the heat at node z;. Representing f by a vector of
values for each vertex, matrix multiplication by the line graph Laplacian computes the second difference
approximation:

L=D_-W = -2 -0 _[672Lf]i:f(xi+1)_2f(2xi)+f(1:i—l)

o -1 2 -1 €

,l<i<n (4.1)

In this case, the line graph is a discretization of the unit interval. For more complicated graphs, where
the similarity function can takes arbitrary nonnegative values, we will assume that the rate of heat transfer
between two nodes is proportional to the similarity between these nodes, which is given by their edge weight.
This gives us

dfi
gz =5 > (fj = f)wy

J:(h4)EE

where k < 1 is a proportionality constant. Building the Laplacian L € R™*™ edge by edge, we have

L=D-W= Z (61‘ — €j)(€i - ej)Twij
(i,4)eE

11



where each e; is a canonical basis vector. From this expansion, it follows that 0f; /0t is given by [—kLf];.
In matrix notation,

g—{ = —rLf.
By recreating heat diffusion on the domain induced by a similarity graph, we have shown how the graph
Laplacian plays the role of the Laplacian operator on this discrete domain.

Because the second derivative computes curvature, it reflects the amount of ‘dissimilarity’ of the value
of f at a point from the value of f around the point. In the same way, the graph Laplacian computes the
dissimilarity between each vertex and its weighted neighbors according to the data similarity graph. As
discussed in Section [3.2] the continuous heat equation acts on a set of initial conditions by diffusing regions
of high heat towards regions of low heat. In terms of a Fourier basis expansion, the heat operator acts on

each frequency component by scaling, much like the action of a matrix on its eigenvectors:
e 2,2
u(m,t) — Z Ane—m T ginTa
n=oo

The regions of f with high local dissimilarity are induced by the components of f with high frequency, and
these regions diffuse the fastest. The eigenvectors of the graph Laplacian play the same role on the domain
induced by the graph as components which decay the fastest when present in initial conditions:

of _ L = L = L)t

9= " f= firi=fi—sLlf = fi=I—-kL)'f

n

= fr=Y (1= rX)"(f,v)v;
i=1
where \; € [0,1] and v; are eigenvalues and eigenvectors respectively. Given this connection, one can even
define a ‘Fourier basis’ for functions on a graph using the graph Laplacian’s eigenvectors.

4.2 Applying Continuous Solutions of PDEs to Data

In the previous section, we defined data points as heat sources to be the initial conditions of the heat
equation. The Laplace operator is a linear differential operator, and its solution is given by convolving the
initial conditions with the Laplace operator’s associated Green’s function, which we’ll denote as G.

Given a dataset X = {z1,...,2,} C R we want to find a convex domain 2 D X so that we can define
boundary conditions for the heat equation. We find € so that X is strictly in its interior. Now, we define the
initial conditions to be the data framed as the sum of n Dirac functions, i.e. 6(X) =, x d(x —x;). We
now solve the heat equation by assuming zero Dirichlet boundary conditions and setting the initial condition

u(£2,0) = §(X).

Definition 4.1. The Green’s function G for a linear differential operator D, is the function that solves the
equation D,G(x,t) = 0(x —t).

We can apply the superposition principle to our data, which is a sum of Dirac functions, to find the
solution to the heat equation as a sum of Green’s function. The Green’s function for the heat equation is

d/2 2
1 x

This gives us the following solution to the heat equation:

given by

1" Iz =yl o) gt
u(z,t) = ypn Q5(X)exp ~—u dy*™ ... dy'".

12
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Figure 3: Contour maps of u. Red stars indicate local maxima.

We can now view solutions to the heat equation as convolution with a Gaussian function, which is exactly
applying a Gaussian kernel smoother to the dataset, where time is the parameter for kernel radius. As the
time goes on, the length scale of the input space increases and we see more drastic smoothing of the data,
which corresponds to finding cluster assignments to smaller values of k.

4.3 Physical Interpretations of Spectral Clustering
4.3.1 Clustering with the Continuous Heat Equation

Earlier, we saw how the negative Laplacian matrix —L is the discrete form of the continuous Laplace operator
A, which can be leveraged to find numerical solutions to the heat equation on a graph. In this section we
will explore how to find clusters by evolving the heat equation on a graph created from initial data points
as a comparison point to k-means. We now solve the heat equation by assuming zero Dirichlet boundary
conditions, and setting the initial condition u(2,0) = §(X).

We can use the continuous time evolution of the heat equation to cluster the data. For a value of heat y
and time 7', we define the clusters for some dataset X by counting the separable components in the connected
domain 2 for the solution set u(x,T) > y. Then we intersect each component individually with X to find
cluster assignments.

As shown in Figure [3] the initial conditions give a trivial clustering of the dataset with n clusters. As
time evolves the heat equation, the boundary conditions enforce that the heat of the entire region decays to
zero. Thus after a sufficient amount of time, any e-level set will be a solution to clustering the dataset with
one cluster. This solution is continuous with time, so plotting various level sets as time changes will yield
various solutions to clustering a data set with k clusters, with k decreasing from n to one.

Observe that the initial conditions are also the local (spatial) maxima of u. In the following results, we
will examine the relations between local maxima among solution sets and cluster assignments of the data.
The following graphics are time steps of evolving the heat equation with a dataset of five two-dimensional
data points over a unit square 2 = [0, 1]2.

The purple level sets begin with n separable components. As time evolves, the components merge together
to create new cluster assignments for a smaller value of k. At certain points in time, the local maxima of the
heat equation match directly to the centroids of a k-means algorithm. We see this correspondence in Figure
2 and Figure 4, but not in Figure 3.

4.3.2 Clustering with the Discrete Wave Equation

The authors of [6] introduce a spectral clustering algorithm, Algorithm [3|in this paper, which simulates wave
propagation on a graph to extract information about its Laplacian eigenvectors. This information can be
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used to cluster nodes of the graph. We give a brief overview of the algorithm with more detail and derivations
available in Section [7:2] of the Appendix.

Algorithm 3: Finding Eigenvectors from Wave Diffusion [6]

Given: a similarity matrix S € R"*", < 2F clusters
Result: cluster number for each vertex.

1. Initialize each vertex with a random initial value

2. Set u(—1) := u(0)

3. Evolve the system according to the discretized heat equation for T;,,, steps
4. For each node, apply the FFT to displacement over time at that node.

5. For each node i, find the first k values where the magnitude of the frequency is a peak (should pick
out the same frequencies for all nodes). If the real part is positive, set the ith entry for the jth
eigenvector (j =1,...,k) to 1 and 0 otherwise.

6. Using the binary representation of each row (node), we can find cluster assignments for each vertex.

We saw in that in the continuous solution of the wave equation, the eigenvectors of the Laplace
operator do not die out as t grows large. Wave propagation on a graph domain is also governed by the Fourier
decomposition, and if we allow random initial conditions for each vertex to evolve until their frequency content
stabilizes, we can apply the FFT to extract eigenvector signs.

We treat each vertex in the graph as a random variable and assign it a random number. We want to
evolve this system according the wave equation because we know the eigenvectors of the wave equation stay
eternally excited. We do this by discretizing the wave equation and the evolution can be written as a matrix
system

w1 (t)

z(t) = w(t) = =L 1) fwlt=1) =: Mz(t — 1) where w(t) =
w(t—1) I 0 ) \w(t-2) t)
Wy, (T

The eigenvectors of this new matrix M form a complete subspace aside from the vector (1 —1)7, so we
choose let w(—1) = w(0). The other eigenvectors of M have eigenvector and eigenvalue pairs that can be
written in terms of the eigenvector and eigenvalues of L. In particular, the eigenvectors are

0) ol 2\ 4, /A2 —4)
o) ¥ () Gy - i—

(49) . .
m = and the corresponding eigenvalue « where «a =
/= o) /= /= 2
Each ag) = ¢ and o) = e~®i for some w; because \a$}_| = 1 and the square root term is imaginary.

Notice that the larger smaller eigenvalues of L correspond with small w;. After some calculation, we find
that

w(t) =2 Z A;v9) cos(2w;t) — BjvWsin(2w;t).

j=1
For node i, we have a signal that evolves with time as [w;(0),...,w;(Tinas)]. The frequency peaks of FFT
applied to [w;(0),...,w;(Timaex)] correspond to the i*" entry of the j*" eigenvector. They are of the form
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(A; + iBj)fUZ(j). Note that A; + iB; remains the same for all nodes in the j eigenvector, so the sign of
real component allows us to find the sign of Ugj ).
relaxation of indicator vectors where the i** column is roughly an indicator vector for the i*" cluster, this

Since graph spectral clustering can be thought of as a

algorithm gives us a method to cluster the vertices.

5 Experimental Results

We demonstrate various applications of graph spectral clustering on both synthetic and real-world datasets.
First, Figure {4| shows a comparison of graph spectral clustering to the k-means++ algorithm [7] for two
synthetic datasets. The first dataset, shown in the first row, is a mixture of eight Gaussians, which both
algorithms can cluster perfectly. In the second row, we show clustering performance on the synthetic Two
Moons dataset. Due to the manifold structure of the data, k-means++ provides a suboptimal clustering,
while graph spectral clustering can identify and separate the two moons.

Graph Spectral Clustering K-Means++ Graph Spectral Clustering K-Means++

= o

£

Gaussians

Moons
s*anp
AL

us
Ld »

Figure 4: Comparison of k-means++ to graph spectral clustering on two synthetically generated datasets.

5.1 Clustering Using the Wave Equation

To further explore the clustering properties of the graph Laplacian eigenvectors, we replicate the results of
the wave equation based clustering algorithm presented in [6]. Like the heat equation, solutions to the wave
equation are goverened by a Laplacian operator. Unlike the heat equation, these solutions need not exhibit
time decay. By propagating a wave on a graph, one can compute Fourier coefficents of the long time solutions
to the wave equation, which can in turn be used to deduce clustering information given by the Laplacian
eigenvectors. As shown in Figure [5] this wave based clustering algorithm can recover simple clusters like
those of a line graph.

6 Conclusion

In the Two Moons dataset shown in Figure[4] certain points at the ends of each moon lie inside the arc of the
other moon, close in Euclidean distance to points from the opposite cluster. This dataset is a two dimensional
example of a key difficulty in clustering high dimensional data: when the points lie approximately on a
manifold, pairwise Euclidean distances can become uninformative at all but the smallest scales. Algorithms
like k-means, which assume that nearby points in Euclidean distance ought to be clustered together, struggle
to cluster manifold data. In contrast, graph spectral clustering uses the paradigm that points should be
clustered together if they can quickly diffuse heat to each other. Drawing on connections to minimum graph
cuts, this approach is favorable when the data has high inter-cluster similarity and low cross-cluster similarity.

Despite the usefulness of this clustering algorithm, it is computationally expensive, as even computing
the Laplacian of the similarity graph is O(n?) for n datapoints. Consequently, computationally cheaper
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(a) The data graph. Dotted edges have weight 0.1 while
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gation can be used to recover the signs of the components
of the second laplacian eigenvector, shown here. This in-

formation can be used to cluster the data. (c) After more time has passed, the signs of
Fourier expansion coefficients become better

resolved and can be used for clustering.
Figure 5: Using the wave equation to cluster data on a line graph.
algorithms like t-SNE, which has been shown to approximate graph spectral clustering under certain hy-
perparameter choices [8 [9], are preferred for large datasets. Finding new and cheaper methods for data

clustering, potentially through diffusion or other physically motivated clustering paradigms, is an interesting
area for future research.
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7 Appendix

7.1 Additional Proofs

Proposition 7.1 (NCut and the Graph Laplacian). The NCut objective can be written in terms of the graph
Laplacian:

where h; € R™ is an indicator vector for cluster membership, given by the following.

1 ' _
ORI Bvon I
’ 0 i & A
Proof.

hi Lhj = h] Dhj — h] Wh;

_cut(4;, 4;)
o VOl(Aj)

Proposition 7.2 (Uniqueness of the Solution to the One Dimensional Heat Equation). For given set of
initial conditions f(x), the one dimensional heat equation with Dirichlet boundary conditions has a unique
solution u(x,t) which satisfies u(x,0) = f(x).

Proof. Recall our formulation of the heat equation with Dirichlet boundary conditions, diffusion constant
¢ > 0, and initial conditions f(z). As in the text, we will assume for the proof that units are chosen in which

c=1.
Heat Equation Find u(z,t) : [0,1] x RT = R
such that %u(x,t) = cAzu(x,t)
subject to u(z,0) = f(z) and u(0,t) = u(1,t) =0

Suppose uj(x,t) and us(z,t) are two solutions to the heat equation. We will show that v(z,t) = u(x,t) —
ug(z,t) has v(z,t) = 0 for all z € [0,1],¢ € R*. This would imply that u;(z,t) = uz(z,t) at all points in the
domain.

Let v, and v,, denote first and second partial derivatives respectively. Under the assumptions, v satisfies

the heat equation with initial conditions g(x) = 0:

VUt = Uit + Ut = Ulge T U2z = Vzz
’U(I’,O) = ul(I7O) - u2($30) =0= g(gj)
v(0,t) =v(1,t) =0
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Let V() = [

o v?(z,t) dz. By monotonicity, V(¢) > 0 for all ¢ > 0. Differentiating in ¢,

Vt(t):/o 2u(x, t)v(z, t)dx

1
= / 20(x, t) Vg (z, t)dx
0

1
=2c (vvzhl) - / v? d:r)
0

1
:—c/ vf,d:vgo
0

We have shown V;(t) < 0 for all ¢ > 0. By the Mean Value Theorem, V(t) < V(0) = 0 for all ¢ > 0, but by
its definition, V(¢) > 0. Hence V(t) = 0 for all ¢ > 0, and so continuity (implied by differentiability) of v
guarantees that v(t) =0 for all £ > 0. [ |

7.2 Wave Equation Clustering

In this section we illustrate the algorithm proposed in [6] for clustering nodes in a graph through wave
propagation on the graph. The key idea is to evolve wave propagation on the graph, starting from random
initial conditions, and to then use the time evolved system to extract information about the graph Laplacian.
For the i*® node, the algorithm extracts the signs of the i** components of each of the first & least significant
eigenvectors, which determine cluster membership of the node. These signs are extracted through a Fourier
Transform in time of the displacement at each node.

Let L be the graph Laplacian matrix. We can discretize the wave equation into

w(t) = 209 (t — 1) —wD(t — 2) — Lyw(t —1).

For this system to be numerically stable, 0 < ¢ < /2 is required — see [6] for details. For the sake of
simplicity, we let ¢ = 1. Let

w (t) .
wiy= | ¢ ez = [ ©0

o w(t—1)

Then, we can rewrite the wave equation evolution as a matrix system

w(t) ol —L -1\ [w(t—1)
Z(t) = = 5
w(t—1) I 0 w(t —2)
so given some initial state z(0),
t
oI —L —I .
z(t) = z(0) := M"z(0).
I 0

Let v; denote the eigenvector corresponding to the jth smallest eigenvalue, Aj, of L. It turns out that
. . . . Qj+Vj . .
the pair of eigenvectors of M corresponding to v; is mj+ = , with eigenvalues a4 where
v
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= % (2 —Aj £ /A? — 4)\j) . This expression for o;+ comes from applying the definition of eigenvalue-

eigenvector pairs:

a;U; o;U;
v v
2 — L)a; — I w; a?v;
[( ) J ] J _ 77 (7'1)
;U ;U

Now looking at the first entry of ((7.1), we get the expression

(21 = L) o — I]v; = a)v;
Then because Lv; = \jv; and Tv; = vy,
[(2=\) ey = 1] v; = ajv;.

Applying the quadratic formula on (2 — A;)o; — 1 = a? and solving for o+, we get

2 -\ £, /A2 -4

ajp =
yE= 2
. Qj+Vj o . .
Let the eigenvectors of M be m;4 = . When we have stability, i.e. 0 < ¢ < v/2, the quantity
v
inside the square root is negative because the largest possible eigenvalue of a normalized Laplacian is also 2,
Real(aj1)v; Imag(a4)v;
so we can express m; = p, & iq; where p; = (@5+)v; and q; = glag+)v; . Notice too that
v; 0
|04j:i:| =1.
5 2
VA — AN
loje| = aj— + oy = 9
. ANj + A — A2 4N
=5 ( + J+HAN)
=1
This allows us to write o = e™it and aj_ = e~ i, When we want to cluster, we are seeking the

eigenvectors that correspond to the small eigenvalues of the normalized random walk Laplacian. Notice that
the smaller \; is, the closer the real part of «; is to 1, so the angle w; is small. Let A; = z(O)ij and
B; = z(0)"q;. Since we've chosen z(0) to be orthogonal to (1 —1)” and the eigenvectors span the rest of
the space [6], we are able to express z(0) as a linear combination of eigenvectors.

(2(0)"'m 4 )myy + Z(Z(O)ijf)mjf

NE

z(0) =

<.
Il
—_

|

(Aj +1iBj)(p +iq) + (A; —iB;)(p — iq)

<
Il
—_
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So,

Il
<
i M
=
Jr
&
)
_|_
&
_|_
=

|
=
)

|
S

=2 " cos(w;t) [A;p; — Bjg;] —sin(w;t) [B;p; + A;q;]

N
2(t) =2 Z Aj [pjcos(wjst) — g sin(w;t)| — B [p;sin(w;t) + g;jcos(w;t)] (7.2)
j=1
Rewriting z(¢) in terms of w(t) and w(t — 1), and recognizing that Real(caj4+) = cos(w;t) and Imag(aj4+) =
sin(w;t), we have

cos(w;t)v; sin(w;t)v;
p; = and q; =
v; 0
Substituting into equation [7.2]
w(t N [ cos(w;t)v; sin(w;t)v,; ]
®) = QZAj (@it)v, cos(w;t) — (@5t)v, sin(w;t)
w(t - 1) j:1 'U] 0
cos(w;t)v; sin(w;t)wv;
—B; (@it); sin(w;t) + (@it); cos(w;t)
v; 0

Looking at the top half of each vector, we have

w(t) =2 Z vjcos(w;t) [Ajcos(w;t) — Bjsin(w;t)] — v sin(w;t) [A;sin(w;t) + Bjcos(w;t)]

=2 Z Ajv; (cos?(wst) — sin®(w;t)) — 2B;v;(sin(w;t)cos(w;t))

j=1

=2 Z Ajvjcos(2w;t) — B;v;sin(2w;t) (7.3)

Jj=1

For node i, we have a signal that evolves with time as [w®(0), ..., w® (T},4.)]. The frequency peaks of FFT
applied to [w®(0),...,w" (T)4e)] corresponds to the it" entry of the j** eigenvector. They will be of the
form (A; + z'B]-)vi(j). Notice that A; 4 iB; remains the same for all nodes in the jth eigenvector, so the sign
of real component allows us to find the sign of vZ(j ). Since graph spectral clustering can be thought of as a
relaxation of indicator vectors where the i*" column is roughly an indicator vector for the i** cluster, this
algorithm gives us a method to cluster the vertices.
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